The axion insulator (AXI) has long been recognized as the simplest example of a 3D magnetic topological insulator (TI). The most familiar AXI results from magnetically gapping the surface states of a 3D Z2 TI while preserving the bulk gap. Like the 3D TI, it exhibits a quantized magnetoelectric polarizability of θ = π, and can be diagnosed from bulk symmetry eigenvalues when inversion symmetric. However, whereas a 3D TI is characterized by bulk Wilson loop winding, 2D surface states, and the pumping of the 2D Z2 TI index, we show that an AXI with a large number of bulk bands displays no Wilson loop winding, exhibits chiral hinge states, and does not pump any previously identified quantity. Crucially, as the AXI exhibits the topological angle θ = π, its occupied bands cannot be formed into maximally localized symmetric Wannier functions, despite its absence of Wilson loop winding. In this letter, we revisit the AXI from the perspective of the recently introduced notion of "fragile" topology, and discover that it in fact can be generically expressed as the cyclic pumping of a "trivialized" fragile phase: a 2D inversion-symmetric insulator with no Wilson loop winding which nevertheless carries a nontrivial topological index, the nested Berry phase γ2. We numerically show that the nontrivial value γ2 = π indicates the presence of anomalous 0D corner charges in a 2D insulator, and therefore, that the chiral pumping of γ2 in a 3D AXI corresponds to the presence of chiral hinge states. We also briefly generalize our results to time-reversal-symmetric higher-order TIs, and discuss the related appearance of nontrivial γ2 protected by C2 × T symmetry in twisted bilayer graphene, and its implications for the presence of 0D corner states.
The axion insulator (AXI) has long been recognized as the simplest example of a 3D magnetic topological insulator (TI). The most familiar AXI results from magnetically gapping the surface states of a 3D Z2 TI while preserving the bulk gap. Like the 3D TI, it exhibits a quantized magnetoelectric polarizability of θ = π, and can be diagnosed from bulk symmetry eigenvalues when inversion symmetric. However, whereas a 3D TI is characterized by bulk Wilson loop winding, 2D surface states, and the pumping of the 2D Z2 TI index, we show that an AXI with a large number of bulk bands displays no Wilson loop winding, exhibits chiral hinge states, and does not pump any previously identified quantity. Crucially, as the AXI exhibits the topological angle θ = π, its occupied bands cannot be formed into maximally localized symmetric Wannier functions, despite its absence of Wilson loop winding. In this letter, we revisit the AXI from the perspective of the recently introduced notion of "fragile" topology, and discover that it in fact can be generically expressed as the cyclic pumping of a "trivialized" fragile phase: a 2D inversion-symmetric insulator with no Wilson loop winding which nevertheless carries a nontrivial topological index, the nested Berry phase γ2. We numerically show that the nontrivial value γ2 = π indicates the presence of anomalous 0D corner charges in a 2D insulator, and therefore, that the chiral pumping of γ2 in a 3D AXI corresponds to the presence of chiral hinge states. We also briefly generalize our results to time-reversal-symmetric higher-order TIs, and discuss the related appearance of nontrivial γ2 protected by C2 × T symmetry in twisted bilayer graphene, and its implications for the presence of 0D corner states.
The discovery of the first topological insulators (TIs) [1] [2] [3] [4] [5] [6] [7] [8] [9] has fueled a decade of rapid discovery in condensed matter physics.
Building on the principles used to predict TI phases in 2D [1] [2] [3] 8 and 3D materials [4] [5] [6] [7] 9 , researchers have proposed and identified a tremendous variety of crystalline (TCI) [10] [11] [12] [13] [14] [15] [16] [17] [18] and higherorder (HOTI) [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] variants, as well as underlying theoretical frameworks 32, 33, [38] [39] [40] [41] [42] [43] [44] for their large-scale identification in real materials [45] [46] [47] [48] [49] . The defining hallmark of a TI is the inability to form maximally-localized, symmetry Wannier functions from its occupied bands [38] [39] [40] [41] [42] [43] [50] [51] [52] [53] [54] [55] . In the simplest TIs, this is reflected in a momentum-dependent flow of Berry phase [50] [51] [52] 56, 57 , whereas in more complicated TCIs and time-reversal-(T -) symmetric TIs, it is reflected in the winding of the Wilson loop (holonomy) matrix [15] [16] [17] 43, 53, 58, 59 . Central to the study of TIs has been an effort to understand the topological consequences of imposing additional crystal symmetries on 2D and 3D insulators. In symmetry-indicated strong TIs, the eigenvalues of bulk crystal symmetries enable the quick diagnosis of the bulk topology 5, 32, 33, 44 , whereas in TCIs, the presence of surface crystal symmetries protects additional surface degeneracies [10] [11] [12] [13] [14] 18 and connectivities [15] [16] [17] . For both TCIs and symmetry-indicated TIs (which are not mutually exclusive categories), an outstanding question has been whether their occupied bands become Wannierizable under the relaxation of bulk and surface symmetries.
The Wilson loop provides a natural machinery for answering this question: if the Wilson loop of a group of bands winds, then those bands are not Wannierizable [53] [54] [55] 58, 59 . However, and crucially, the converse statement is not always true. In this letter, we reexamine a well-studied class of 3D inversion-(I-) symmetric magnetic TIs 66, 67 , known as axion insulators (AXIs) 6, 9, 37, 63, [68] [69] [70] [71] , and find that their Wilson loops do not generically wind. The simplest AXIs have been proposed and experimentally verified by exposing 3D Isymmetric TIs 6, 9, 30, 37, [61] [62] [63] 67, [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] or certain nodal-line semimetals 29, [79] [80] [81] to an external magnetic field or doping them with an I-symmetric configuration of magnetic atoms, such as Mn, Sm, and Cr. This process breaks Tsymmetry while preserving I, gapping the surface states of the TI and, as we show, for a large number of occupied bands removes the bulk Wilson loop winding. A 3D TI carries a bulk response, the magnetoelectric polarizability θ, which at low energies resembles the axion coupling in electrodynamics 37, 63, 68 . As I symmetry pins θ to the topological angle π, 6, 9, 37, 63, [70] [71] [72] , then AXIs inheriting θ = π from a parent 3D TI are also not Wannierizable 6, 9, 37, 63, 70, 71 , despite their absence of Wilson loop winding. For some time, it has remained an open question as to whether a bulk topological calculation can explicitly demonstrate the absence of localized Wannier functions in AXIs.
In this letter, we use analytic and tight-binding calculations to definitively answer this question. We show that the recently discovered formulation of nested Wilson loops and Berry phase 19, 20, 29, 82, 83 The surfaces of a TI are gapless, but the surfaces of an AXI are gapped. However, when an AXI is cleaved into an inversion-(I) -symmetric geometry, it exhibits a single chiral mode traversing half of its hinges 21, 25, 26, 29, 30, 37, 61, 62 . (c) Bulk band structures of four-band tight-binding models of an Isymmetric TI and (d) an AXI. (e) The (100)-surface states of the TI in (c) are gapless, but (f) the (100)-surface states of the AXI in (d) are gapped. (g) The Wilson loop over all of the bands below E = 0 of the gapped AXI slab in (f) exhibits C slab = +1 winding. This confirms that even though individual surfaces of an AXI exhibit anomalous half-integer Hall conductivities [4] [5] [6] 9, 17, 25, 37, 63, 64 , an AXI slab acts as an isolated Chern insulator with a (non-anomalous) integer Hall conductivity. (h) The bands of a z-directed rod of the AXI in (d) contain two oppositely chiral 1D modes localized on opposing hinges (Fig. 2(b) ). All tight-binding calculations were performed using the PythTB package 65 . All models and parameters are provided in Appendix A.
son loop exhibits "fragile" 29, 42, 43, 80, [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] winding protected by bulk I symmetry. However, under the addition of trivial bands below the Fermi energy, this winding is "trivialized," allowing for the calculation of a nested Wilson loop, which we observe to wind. Taken together, this implies that the AXI is equivalent to the cyclic pumping of a 2D fragile phase with anomalous corner charge 19, 20, 22, [27] [28] [29] 82, 83, [90] [91] [92] [93] [94] [95] . We observe the chiral flow of this charge along the hinges of the AXI, confirming the recent recognition that AXIs are, in fact, strong, symmetry-indicated magnetic HOTIs [20] [21] [22] 25, 26, 29, 30, 37, 61, 62, 67 . We conclude by briefly generalizing our results to T -symmetric HOTIs. In Appendices A and B 4, we examine a closely-related crystalline AXI phase with gapless ±z-normal surfaces and chiral hinge modes protected by the antiunitary combination of twofold z-axis rotation 13, 14, 18, 21, 22 C 2z and T . While the topology of this AXI cannot be diagnosed by symmetry eigenvalues, because it has no unitary crystal symmetries, it can be identified using our methodology. We show that this C 2z × T -symmetric AXI is also equivalent to the cyclic pumping of a 2D fragile phase 42, 43, 82, [84] [85] [86] [87] [88] [89] [90] [91] with anomalous corner charges (Appendix A 3). A similar C 2z -and T -symmetric fragile phase has recently been identified in magic-angle twisted bilayer graphene (MABLG) 83, [87] [88] [89] 96, 97 . As the nearly particle-hole-symmetric energy spectrum of MABLG consists of only fragile bands with odd winding and unobstructed atomic limits [87] [88] [89] , then it should also exhibit anomalous, spin-degenerate 98 , midgap corner states. The details of our extensive tight-binding calculations and proofs of the constraints imposed by crystal symmetry on the (nested) Wilson loop are provided in Appendices A and B, respectively.
We begin by introducing an I-and T -symmetric 3D TI, modeled, for simplicity, with orthorhombic lattice vectors ( Fig. 1(a) ). This TI is formed by placing s and p orbitals at the 1a Wyckoff position [99] [100] [101] ((x, y, z) = (0, 0, 0)) of a unit cell with only I and T symmetries, and then inverting bands at the Γ point. The occupied bands of this TI ( Fig. 1(c) ) are doubly degenerate due to I × T symmetry 39, 40, 102 , and carry the parity eigenvalues (−, −) at Γ and (+, +) at all other time-reversal invariant momenta. Through the Fu-Kane parity criterion 5 and Wilson loop 53 (Appendix A 1), we confirm the Z 2 -nontrivial strong bulk topology of the two bands below E = 0. This topology can also be inferred using the framework of elementary band representations (EBRs) [38] [39] [40] [41] [42] [43] 85, 103, 104 to determine that the two valence bands cannot be expressed as a sum (or difference) of Wannierizable bands, i.e. topologically trivial bands from (obstructed) atomic limits. The bulk topology necessitates the presence of unpaired (anomalous) linearly dispersing surface cones with a twofold degeneracy protected by T symmetry (Fig. 1(b,e) ).
To induce the AXI phase, we introduce a bulk zdirected ferromagnetic potential (Appendix A 2) that splits the bulk bands ( Fig. 1(d) ) and gaps the 2D surface states ( Fig. 1(b,f) ). Each gapped surface is expected to exhibit an anomalous half-integer Hall conductivity [4] [5] [6] 9, 17, 25, 37, 63, 64 σ H = e 2 /(2h). When a finitesized AXI is cleaved in an I-symmetric geometry, Irelated surfaces exhibit opposite signs of σ H (taken with respect to the surface normal), resulting in the presence of a single, chiral hinge mode traversing the (1) and (2)). The position of a single orbital is indicated by its (nested) Berry phase γ1,2 (Eq. (3)). The blue arrows represent the obstructed atomic limit 38 indicated by the Wilson loop over the fragile AXI bands at kz = 0 and a p, ↓ orbital at 1a (Fig. 3(c) ). (b) Corner modes of the kz = 0 plane in Fig. 1(h) . (c) These modes lie at the spectral center, and carry charges ±e/2 as derived from k · p theory 29 and numerics 83, 109 . (d) Breaking particle-hole symmetry while preserving I symmetry, the corner modes can float into the valence or conduction manifold, resulting in a measurable mismatch between the number of states above and below the gap 82 .
AXI 25, 26, 29, 30, 37, 61, 62 ( Fig. 1(b) ). Because it exhibits gapped surfaces and gapless hinges as a consequence of its bulk symmetry and topology, an AXI is therefore a magnetic HOTI [20] [21] [22] 25, 26, 29, 30, 37, 61, 62, 67 . Furthermore, as the number of chiral hinge modes modulo two is indicated by bulk parity eigenvalues 25, 37, 63, 67 , and as I symmetry is the only symmetry required to enforce the AXI phase, then an AXI represents the lowest-symmetry example of a symmetry-indicated TI, magnetic or otherwise; it requires neither the T -symmetry of the I-symmetric 3D TI, nor the combination of T and half-integer lattice translation of an antiferromagnetic TI 66, 105 . Calculating the band structure of a z-directed AXI rod ( Fig. 1(h) ), i.e. a tight-binding model finite in the x and y directions and infinite in the z direction 21, 22, 34, 82 , we observe two oppositely chiral hinge modes localized on I-related hinges ( Fig. 2(b) ). We also calculate the Wilson loop over all of the occupied bands of the x-directed AXI slab in Fig. 1(f) , and observe C slab = +1 winding ( Fig. 1(g) ), demonstrating that an I-symmetric AXI cleaved into a slab geometry is topologically equivalent to a C = ±1 Chern insulator 21 .
To develop a robust characterization of the bulk topology of an AXI, we begin by examining the k z = 0 plane of the model in Fig. 1(b,d,f,g,h) . This plane transforms under the same symmetries as a magnetic layer group 17, 82, 92, 99, 102, [106] [107] [108] with only I and rectangular lattice translation symmetries ( Fig. 2(a) ). We observe two, 0D states localized on I-related corners at k z = 0 (Fig. 2(b) ). These two states appear at the center of the energy spectrum; there are exactly (N/2) − 1 states in the manifolds above and below them in energy, where N is the total number of states in the k z = 0 plane (Fig. 2(c) ). The corner states are equivalent to (anti)solitons of the gapped edge 29, 82, 92 , and are described by the same k · p theory (taken per spin) as the hinge states 29 of an I-and T -symmetric monopole nodal-line semimetal 29, 80, 110 . Thus, when the system is half-filled and I symmetry is "softly" broken, the corner states exhibit charges 82, 92, [111] [112] [113] [114] ±e/2 ( Fig. 2(c) ). If particle-hole symmetry is relaxed while preserving I symmetry, then the corner modes can float together away from E = 0. They will therefore either appear as midgap states, or there will be an imbalance in the number of states in the manifolds above and below the gap 82 ( Fig. 2(d) ); thus, the corner modes are anomalous. This is analogous to the I-symmetric, particlehole-asymmetric Su-Schrieffer-Heeger (SSH) chain 111 , in which a nontrivial Berry phase indicates the presence of end charge, but not necessarily midgap end modes 113 . This can also be understood from a field-theory perspective by considering the Goldstone-Wilczek formulation of a Jackiw-Rebbi domain wall 115 with a complex mass 68, 113, 114 , and is explored in more detail for related fragile phases in Refs. 82 and 92. In contrast to the k z = 0 plane, the k z = π plane of Fig. 1 (h) exhibits no midgap corner modes, and its valence and conduction manifolds each contain N/2 states. Therefore, the AXI is equivalent to the cyclic chiral pumping of a 2D (fragile) phase with anomalous corner charge.
To relate this pumping to bulk topology, we develop a (nested) Wilson loop characterization of the AXI, beginning with the k z = 0 plane. First, consider a 2D layer (or wallpaper) group 17, 82, 92, 99, 102, [106] [107] [108] with four maximal Wyckoff positions, i.e., the centers of a symmetry that takes (x, y) → (−x, −y), such as I, C 2z , C 2z × T , or I × T (Fig. 2(a) ). We then place a Wannier orbital at one of these positions without hopping, resulting in a flat band in the energy spectrum. Then, using only this band, we calculate the discretized 16, 17, 59 x-directed Wilson loop [15] [16] [17] 43, 53, 58, 59 :
where V (2πx) is a sewing matrix that enforces the basepoint independence of Eq. (1), Π(k x0 , k y , k z ) is the product of projectors onto the occupied bands at each k point, and where Eq. (1) is provided in its 3D form for generality . We then calculate the discretized y-directed nested Wilson loop 19, 20 ( Fig. 3(b) ): 
When there is only a single band in the system and Wilson projector, Π(k x0 , k y , k z ) → 1 in Eq. (1), and Eq. (2) simplifies into the (non-nested) y-directed Wilson loop: thus, the Z 2 × Z 2 index (γ 1 , γ 2 ) indicates which of the four maximal Wyckoff positions is occupied by a Wannier orbital ( Fig. 2(a) w 1,2 are well-defined, the classifications are equivalent 83 . However, the Wilson loop formulation provides an advantage over the Stiefel-Whitney classification: whereas w 1,2 are only discretely valued when well-defined, γ 1,2 remain gauge-invariant bulk quantities even when they are not quantized (Appendix B). This allows us to quantitatively track γ 1,2 as they are pumped between k z = 0, π in an AXI.
With this formalism established, we now diagnose the bulk topology of the AXI in Fig. 1(b,d,f,g,h) . We take the previous four-band AXI ( Fig. 1(a) ) and add spin-split bands from additional s and p orbitals at the 1a position ( Fig. 3(a) and Appendix A 2 a). We first calculate the xdirected Wilson loop (Fig. 3(c-e) ) over just the original two valence bands (P 2 ). The Wilson loop winds in the k z = 0 plane (c), but does not wind at other values of k z (d,e). Treating the k z = 0 plane as an isolated 2D insulator, this winding can be explained by bulk parity eigenvalues 59 or by the notion of fragile topology 29, 42, 43, 80, [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] . As first shown in Ref. 59 , an I-symmetric 2D insulator with two occupied bands F with (−, −) parity eigenvalues at k x = k y = 0 and (+, +) elsewhere exhibits Wilson loop winding, even in the absence of symmetry-protected surface states 17 . F is also "irreducible-representationequivalent" 42, 43, 82, 85, 90 ( I ≡) to a sum and difference of 2D EBRs:
where (ρ) i is the EBR [38] [39] [40] [41] [42] [43] 85, 103, 104 induced from atomic orbital ρ at Wyckoff position i (Fig. 2(a) ). The in Eq. (4) indicates that F represents fragile bands 42, 43, 82, 85, 90 . From both perspectives, we deduce that the Wilson loop winding in Fig. 3(c) can be removed by the addition of appropriately chosen trivial bands to the Wilson projector.
We therefore take the Wilson loop over the highest three valence bands (P 3 ) in Fig. 3(a) . Observing that all of the winding has been trivialized ( Fig. 3(f-h) ), we calculate the nested Wilson loop onto particle-hole symmetric 29, 87 (Appendix B 2) groupings of Wilson bands (P out,in ). In the k z = 0 plane (Fig. 3(f) ), theP out,in Wilson band(s) both exhibit (γ 1 , γ 2 ) = (0, π). As bothP out Wilson bands lie near θ 1 = π, the P 3 valence bands at k z = 0 describe a 2D obstructed atomic limit with Wannier orbitals at 1b, 1c, and 1d and atoms at 1a (Fig. 2(a) ): i.e. a shift of three charges from one half of the crystal to the other yielding six corner charges 82, 109 , which can be deformed preserving I symmetry 29, 82, 92, 109 to the two 0D states of the fragile phase in Fig. 2(b,c,d) ). We observe that the outer (inner) Wilson bands exhibit C γ2 = +1 (−1) spectral flow ( Fig. 3(i-k) ). As detailed in Appendix B 2, because a Wilson gap can close without an energy gap closing 43, 58 , C γ2 only defines the bulk topology of an AXI modulo 2, and can become trivial without closing an energy gap if I symmetry is relaxed. Specifically, Wilson gap closures occur pairwise with bulk I symmetry, but are free to occur individually without it. Recognizing that this three-band AXI inherits θ = π from its parent TI phase, we relate C γ2 to the magnetoelectric polarizability 6, 9, 37, 63, [68] [69] [70] [71] :
We have demonstrated that θ = π in an AXI is a consequence of the bulk flow of nested Berry phase. The (nested) Wilson loop formulation also allows us to conclude that when I symmetry is further relaxed, an AXI becomes Wannierizable, because the winding of W 2 (k z ) can be removed by a gap closure in W 1 (k y , k z ) that occurs without a corresponding gapless point in the energy spectrum. In Appendix A 2 b, we show that Eq. (5) remains valid under the addition of two or more trivial bands, and thus that it is a Z 2 strong topological invariant. We briefly generalize to T -symmetric insulators. As an I-and T -symmetric HOTI is equivalent to a timereversed pair of AXIs 21, 22, 29, [32] [33] [34] 116, 117 , we infer that it is equivalent to a helical pump of fragile-phase corner charge. Though both trivial insulators and HOTIs exhibit θ mod 2π = 0, they can be distinguished by parity eigenvalues 22, 29, [32] [33] [34] , or by a helical generalization of the nested Wilson invariant introduced in Eq. (5). Conversely, in C 2z -and T -symmetric insulators, which exhibit only one set of symmetry eigenvalues 29, 32, 34 (Appendix A 3), the (nested) Wilson loop provides the only bulk indicator of (higher-order) topology.
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where θ = π that they inherit from the parent TI phase (A 1). In B 2 and B 4, we explicitly relate θ to the winding of W 2 (k z ) in the presence of bulk I and combined C 2z × T symmetry, respectively. All calculations in this letter were performed employing the PythTB package 65 . All nested Wilson loops were obtained by first calculating the x-directed Wilson loop W 1 (k y , k z ), and then taking the y-directed nested Wilson loop W 2 (k z ) (Fig. 4) . The calculations of det(W 2 ) were performed using a modified version of the code developed for Ref. 82 ; further details are provided in B 1. We also show in B 2 and B 4 how crystal symmetries (I and C 2z × T , respectively) quantize det(W 2 ) in 2D and make det(W 2 (k z )) particle-hole symmetric in 3D.
Tight-Binding Model of a 3D Topological Insulator
We begin by constructing a tight-binding model of a 3D TI [4] [5] [6] [7] 9 in the (type-II Shubnikov 99,106,119 ) space group (SG) 2 P11 ; i.e., one for which the only symmetries are lattice translation, time-reversal (T ), and inversion (I). To form our model, we place Kramers pairs of s and p orbitals at the 1a Wyckoff position 100,101 of SG 2 ((x, y, z) = (0, 0, 0)); we label the s, p-orbital (spin) degree of freedom with τ (σ). In this representation, the momentum-space Hamiltonian for a 3D TI is:
where 1 τ σ is the 4 × 4 identity in the space of τ and σ, only first-nearest-neighbor hopping is included, and where we have chosen orthorhombic lattice vectors for simplicity ( Fig. 5(a) ). We formulated Eq. (A2) by adding additional terms to the Bernevig-Hughes-Zhang (BHZ) model of a 3D TI 1, 6 to break the extraneous rotation and mirror symmetries of that model. Eq. (A2) is invariant under the transformations 120 :
and realizes a 3D TI when we choose the parameters: In Fig. 5 (a-f), we show the bulk BZ, bulk bands, x-directed slab bands, and x-directed Wilson loops of H T I ( k) using the parameters in Eq. (A4). The x-directed slab bands are gapless, and exhibit Kramers pairs of linear surface degeneracies at k z = k y = 0 (Fig. 5(c) ). We have also verified that y-and z-directed slabs also exhibit the same unpaired surface cones. Taking the x-directed Wilson loop W 1 (k y , k z ) over the two bands below E = 0 in Fig. 5 (a), we observe that it exhibits Z 2 -nontrivial winding at k z = 0, is trivial and gapped at values of k z away from 0 and π, and is trivial and gapless at k z = π ( Fig. 5 (d,e,f), respectively). We have also verified that the Wilson loop also winds when taken in the y and z directions when taken in the k x,z = 0 and k x,y = 0 planes, respectively, as is expected for a 3D TI.
Tight-Binding Model of an I-Symmetric Axion Insulator
To induce a transition from the 3D TI in A 1 to an I-symmetric AXI, we introduce the T -breaking term:
to realize the Hamiltonian of an AXI:
where H T I ( k) is the previous Hamiltonian for a 3D TI (Eq. (A2)), and where we realize the AXI phase by using the parameters:
in addition to the previous parameters in Eq. (A4). As we have broken T symmetry while preserving translation and I symmetry, H AXI ( k) describes an AXI in the type-I magnetic SG P1 (number 2.4 in the BNS setting 106, 121 ). In Fig. 6 (a-f), we show the bulk bands, x-directed slab bands, z-directed rod bands, and x-directed Wilson loops of H AXI ( k) using the parameters in Eq. (A7). The bulk bands are now generically singly degenerate, and the gap (b) If the system is particle-hole-symmetric, then the two corner modes appear as anomalous, zero-energy, midgap states, and the valence and conduction manifolds are each missing one state. In (b) and (c), we depict the spectrum of the Hamiltonian of the kz = 0 plane terminated in a disc geometry 29, 82 plotted as a function of the polar angle φxy of the position-space xy-plane. As shown in Ref. 29 , the midgap 0D states at I-related angles φ and φ + π are (anti)solitions of the gapped edge Hamiltonian, and thus, under softly broken I symmetry, can be assigned charges 19, 82, [111] [112] [113] [114] ±e/2. (c) If particle-hole symmetry is relaxed without closing a bulk or edge gap, then these modes can float in energy into the valence or conduction manifold. However, this process donates two extra states to one of the manifolds, resulting in a measurable imbalance in the number of states above and below the (bulk and edge) gap 82 . If exactly half of the states are still occupied, then the Fermi level will now lie just inside the valence or conduction manifold; here, it is depicted near the top of the valence manifold.
at half-filling is preserved by the introduction V AXI ( k) with the parameters in Eq. (A7) ( Fig. 6(a) ). The x-directed slab bands are fully gapped ( Fig. 6(c) ). We have also verified that y-and z-directed slabs of H AXI ( k) are also fully gapped. This allows us to calculate the bands of a z-directed rod of H AXI ( k), i.e., a tight-binding model that is finite in the x and y directions and infinite in the z direction ( Fig. 6 )(c)). We observe that the rod bands exhibit two 1D chiral modes propagating in the z direction, with oppositely chiral modes localized on opposing hinges ( Fig. 6(c) and Fig. 7(a) ). This confirms the recent recognition that 3D I-symmetric AXIs are in fact symmetry-indicated magnetic higher-order topological insulators (HOTIs) 21, 25, 26, 29, 30, 37, 67, 92 . It is crucial to note that there is no symmetry or topology requirement for the corner modes of the k z = 0 plane ( Fig. 7(a) ) to appear as midgap states 22, 82, 83, 109 . Without closing a bulk or edge gap, the modes at k z = 0 in Fig. 6 (c) can float into the valence or conduction manifold ( Fig. 7(c) ). However, because the corner modes lie at the spectral center (i.e., there are exactly N/2 − 1 states above and below them in energy ( Fig. 7(b) )), then floating them into the valence or conduction manifold will result in a state imbalance above and below the bulk and edge gap ( Fig. 7(c) ). The presence of this state imbalance is indicated in a two-band model by the winding Wilson loop in Fig. 6 (d), and in a many-band model by det(W 2 ) = −1, i.e., that the nested Berry phase γ 2 (Eq. (A1)) is nontrivial (A 2 a, A 2 b, and Ref. 29) . This is analogous to the I-symmetric, particle-hole-asymmetric Su-Schrieffer-Heeger chain 111 , in which a nontrivial Berry phase γ 1 indicates the presence of end charge, but not necessarily midgap end modes 113 . This can also be understood from a field-theory perspective by considering the Goldstone-Wilczek formulation of a Jackiw-Rebbi domain wall 115 with a complex mass 68, 113, 114 , and is explored in more detail for related fragile phases in Refs. 82 and 92.
The x-directed Wilson loop of H AXI ( k) displays the same winding as that of the 3D TI in Fig. 5 (d-f): it winds at k z = 0, is gapped and trivial at generic values of k z , and is gapless and trivial at k z = π ( Fig. 6 (d,e,f), respectively). However, the gapless points at k y = 0, π in the winding (trivial) Wilson spectrum at k z = 0 (k z = π) are not protected by T symmetry, as they previously were in Fig. 5(d-f) . Instead, they arise because in the four-band model of an AXI described by Eqs. (A6) and (A7), the inversion eigenvalues of the two lower bands ( Fig. 6(a) ) are +1 at all TRIM points except Γ, where they are both −1. As detailed in Ref. 59 , this mandates that the Wilson spectrum in the k z = 0, π planes exhibits gapless points, and in particular that the two-band Wilson spectrum at k z = 0 winds. However, as we will see in A 2 a and A 2 b, the introduction of trivial bands to the Wilson projector can lift these Wilson degeneracies 29, 59, 80, 83, 92 . We have also verified that the y-and z-directed Wilson spectra exhibit the same behavior.
FIG. 8. The y-directed
Wilson bands of all of the bands below the gap in the x-directed AXI slab in Fig. 6(b) . This Wilson loop exhibits C slab = +1 winding, confirming that in a slab of an I-symmetric AXI, the two opposing surfaces with the same half-integer anomalous Hall conductivity [4] [5] [6] 9, 17, 25, 37, 63, 64 combine to form an effective Chern insulator with an integer Hall conductivity 21 .
We also confirm that opposing surfaces of the AXI described Eq. (A6) exhibit the same, anomalously quantized half-integer Hall conductivity σ H = e 2 /(2h) (when measuring with respect to the positive x, y, z directions for all surfaces ( Fig. 6(c) )) 4-6,9,17,25,37,63,64 . In Fig. 8 , we plot the y-directed Wilson bands taken over all of the bands below the gap in the x-directed slab shown in Fig. 6 (b); this Wilson loop is well-defined because the slab itself is just a gapped tight-binding model that is periodic in two directions (x and y) with 4N layers orbitals per y-and z-indexed unit cell. The slab Wilson loop in Fig. 8 exhibits an overall C slab = +1 winding, confirming that when an I-symmetric AXI is cleaved into a slab geometry, it is topologically equivalent to a C = ±1 Chern insulator 21 , i.e., an isolated quasi-2D insulator with an integer Hall conductivity. 
where we index the two additional Kramers pairs of orbitals as 3 and 4 to distinguish them from the spin-split pairs of s and p orbitals already present at the 1a position of H AXI ( k) (Eq. (A6)), and where σ denotes the spin degree of freedom. As extensively detailed in Refs. 38-43, 85, 103, and 104, this is equivalent to placing additional spindegenerate pairs of s and p orbitals at the 1a position, where the effective orbitals at the 1a position are formed from the (anti)bonding combinations of orbitals 3 and 4. We choose to place Kramers pairs 3 and 4 at the general position so that the Wilson spectrum taken over all of the bands from these orbitals can be gapped, even when they are uncoupled to other orbitals. To summarize, we are choosing parameters to ensure that (within each σ z spin sector) bands from orbitals 3 and 4 carry the same parity eigenvalues as s and p orbitals at the 1a position, and that the two-band Wilson loop over bands from the 3, ↓ and 4, ↓ orbitals is gapped, even when those orbitals are decoupled from the original 1a s and p orbitals. To understand the requirement of nonzero r 3/4,σ in Eq. (A8), we first note that taking the x-directed Wilson loop over an entire set of bands that are decoupled from the rest of a system simply yields flat Wilson bands at θ 1 = u ix π, where u ix is the x coordinate of the i th orbital (Eq. (A8) and taking the Wilson projector in Appendix B 1 to be the identity). For example, if spinless s and p orbitals are placed exactly at the 1a position of an I-symmetric space group, and are the only orbitals in the entire Hilbert space, then the Wilson loop over both bands from these orbitals will not be gapped, even though the parity eigenvalue criterion from Ref. 59 states that the Wilson bands should generically be split. We therefore must move orbitals 3 and 4 off of the origin for them to acquire nonzero Berry phases when they are uncoupled to other orbitals. In this work, this will primarily apply to the four-band Wilson projectors in A 2 b, which, in the decoupled limit, contain the entire Hilbert space of bands from the 3, ↓ and 4, ↓ orbitals.
To split Kramers pairs 3 and 4 into effective s and p bands induced from the 1a position, we introduce the simple coupling between the two new orbitals within the same unit cell i: 
where 1 σ denotes the 2 × 2 identity in the spin subspace, and where the 4 × 4 matrix is indexed by (c s c p c 3 c 4 ) where c s,p denote the original pairs of s and p orbitals in H AXI ( k) (Eq. (A6)), respectively. We then introduce simple ferromagnetic splitting for the orbitals at the general position:
Next, we form a new Hamiltonian in this expanded 8 × 8 space:
where H AXI ( k) is the previous 4 × 4 Hamiltonian of an I-symmetric AXI with two occupied bands (Eq. (A6)). Eq. (A11) remains invariant under I symmetry, which now takes the form: In Fig. 9 , we plot the bulk bands (a) and x-directed Wilson loops (b-d) of Eq. (A11) using the parameters in Eqs. (A4) and (A7), as well as:
in Eqs. (A8), (A9) and (A10). In this limit, the original bands near E = 0 are completely decoupled from the new bands induced from the orbitals at the general position. For the Wilson loops in Fig. 9 (b-d), we include three bands in the Wilson projector P 3 : the original two valence bands of H AXI ( k) (Eq. (A6)), and a band from the new orbitals which has the same symmetry eigenvalues as a band induced from a p, ↓ orbital at the 1a position [38] [39] [40] [41] [42] [43] 85, 103, 104 . In the uncoupled limit of Eq. (A11), the Wilson loop just decomposes into the Wilson spectra of the original valence bands of H AXI ( k) (Fig. 6(d-f) ) and an additional flat Wilson band superposed at the Wilson energy θ 1 (k y , k z ) = 0.
We now couple the new orbitals to the original four s and p orbitals in H AXI ( k) (Eq. (A6)) by introducing the term:
We then form a coupled Hamiltonian by adding V C to Eq. (A11):
which we confirm is also invariant under I symmetry in the expanded 8 × 8 basis (Eq. (A12)). In Fig. 10 , we plot the bulk bands (a), x-directed Wilson loops (b-g) using two choices of Wilson projectors, and the y-directed nested
Wilson loops (h-k) (Fig. 4) of Eq. (A15) using the parameters in Eqs. (A4), (A7), and (A13), as well as:
in Eq. (A14). In the band structure of H C ( k) (Fig. 10(a) ), the original two fragile valence bands of Eq. (A6) remain separated from the new bands by a gap below E = 0, allowing us to define two Wilson projectors: a projector P 3 onto the three valence bands closest to E = 0, and a projector P 2 onto the original fragile valence bands. As shown in Ref. 43 , as long as P 2 is well defined, the Wilson loop of the fragile bands will still wind. We confirm this in Fig. 10(b-d) , in which we observe the x-directed Wilson loop of the bands in P 2 to exhibit the same winding as the fragile bands of the original four-band AXI model (Fig. 6(d-f) ); we also confirm that the y-and z-directed Wilson loops of the P 2 bands also wind. However, when we calculate the x-directed (and y-and z-directed) Wilson loops of the P 3 bands in Fig. 10(a) (Fig. 10(e-g) ), all of the Wilson loop winding has been removed. Though we have only shown in Fig. 6(f Fig. 10 (e-g), we define projectors P in,out onto groupings of Wilson bands related by Wilson particle-hole symmetry, which we use to calculate the y-directed nested Wilson loop W 2 (k z ) (Fig. 4 and B 1 ). As I acts on the Wilson loop as a unitary particle-hole symmetry [15] [16] [17] 59 ,118 that takes θ 1 (k y , k z ) to −θ 1 (−k y , −k z ), then, as shown in Refs. 29 and 87 and in B 2, I remains a symmetry of W 2 (k z ) under this choice of nested Wilson projectors. In Fig. 10 (h,i) ( Fig. 10(j,k) ), we plot the nested Wilson eigenvalues θ 2 (k z ) and det(W 2 (k z )) for the inner (outer) Wilson band(s) in Fig. 10(e-g ), respectively. Both exhibit spectral flow, with the inner (outer) Wilson band(s) exhibiting C γ2 = −1 (C γ2 = +1) winding. Because the inner and outer Wilson bands exhibit opposite odd-integer Wilson Chern numbers C γ2 , then, as C γ2 mod 2 is robust to Wilson gap closures in the presence of bulk I symmetry (B 2 and Fig. 25) , it here indicates a well-defined nontrivial bulk topology. Furthermore, in the k z = 0, π planes, which are left invariant under the action of I, the nested Berry phase γ 2 (k z ) is quantized ( Fig. 10(i,k) and B 2), with the k z = 0 (k z = π) plane exhibiting a nontrivial (trivial) nested Berry phase:
The AXI with three valence bands is therefore not a trivial, Wannierizable insulator, but is rather a magnetic HOTI characterized by the cyclic pumping of a 2D fragile phase with trivialized Wilson loop winding. Specifically, the Isymmetric AXI with three valence bands represents the chiral pumping of nested Berry phase from 0 to ±π within each particle-hole symmetric grouping of Wilson bands. The inner and outer Wilson bands exhibit opposite odd-integer Wilson Chern numbers C γ2 (B 2); in a z-directed rod of an I-symmetric AXI, this corresponds to the oppositely chiral flow of charge on hinges related by I symmetry (Fig. 6(c) and Fig. 7(a) ).
b. Coupling Two Additional Bands to an I-Symmetric AXI
We next demonstrate that the addition of two bands to the Wilson projector also removes the Wilson loop winding of an I-symmetric AXI, and also reveals that this AXI is characterized by a cyclic pump of nested Berry phase. This can be achieved by using the previous models from A 2 a, and simply choosing different hopping parameters and Wilson projectors. We again begin with the uncoupled, eight-band Hamiltonian H U ( k) (Eq. (A11)). In Fig. 11 , we plot the bulk (a) and x-directed Wilson (b-d) bands of H U ( k) using the parameters in Eqs. (A4) and (A7) in addition to:
and where, in contrast to Fig. 9 , the Wilson projector P 4 here includes all four of the bands below E = 0 in Fig. 11(a) . These four bands are composed of the original two fragile valence bands of H AXI ( k) (Eq. (A6)) as well as two bands with the same symmetry eigenvalues as s, ↓ and p, ↓ bands induced from the 1a position [38] [39] [40] [41] [42] [43] 85, 103, 104 . In the uncoupled limit of Eq. (A11), the Wilson loop just decomposes into the Wilson spectra of the original valence bands of H AXI ( k) (Fig. 6(d-f) ) and additional flat Wilson bands superposed at a particle-hole-symmetric pair of Wilson energies. We next, as in A 2 a, again couple the bands far below E = 0 to the fragile bands above them in energy. In Fig. 12 , we plot the bulk bands (a), x-directed Wilson loops (b-g) using two choices of Wilson projectors, and the y-directed nested Wilson loops (h-k) (Fig. 4) of Eq. (A15) using the parameters in Eqs. (A4), (A7), and (A18), as well as:
in Eq. (A14). In the band structure of H C ( k) (Fig. 12(a) ), the original two fragile valence bands of Eq. (A6) remain separated from the new bands by a gap below E = 0, allowing us to define two Wilson projectors: a projector P 4 onto all four of the bands below E = 0, and a projector P 2 onto the original fragile valence bands. As shown in Ref. 43 , as long as P 2 is well defined, the Wilson loop of the fragile bands will still wind. We confirm this in Fig. 12(b-d) , in which we observe the x-directed Wilson loop of the bands in P 2 to exhibit the same winding as the fragile bands of the original four-band AXI model ( Fig. 6(d-f) ); we also confirm that the y-and z-directed Wilson loops of the P 2 bands also wind. However, when we calculate the x-directed (and y-and z-directed) Wilson loops of the P 4 bands in Fig. 12(a) (Fig. 12(e-g) ), all of the Wilson loop winding has again been removed, as it was in A 2 a. By calculating the nested Wilson loop, we can again demonstrate that there is still k z -dependent Wannier flow, despite the absence of x-, y-, and z-directed Wilson loop winding. Taking the split Wilson spectrum in Fig. 12(e-g) , we again define projectorsP in,out onto groupings of Wilson bands related by Wilson particle-hole symmetry 87, 122 , which we use to calculate the y-directed nested Wilson loop W 2 (k z ) (Fig. 4 and B 1) . In Fig. 12(h,i) (Fig. 12(j,k) ), we plot the nested Wilson eigenvalues θ 2 (k z ) and det(W 2 (k z )) for the inner (outer) Wilson bands in Fig. 12(e-g) , respectively. Both exhibit spectral flow, with the inner (outer) Wilson bands exhibiting C γ2 = +1 (C γ2 = −1) winding. Because the inner and outer Wilson bands exhibit opposite odd-integer Wilson Chern numbers C γ2 , then, as C γ2 mod 2 is robust to Wilson gap closures in the presence of bulk I symmetry (B 2 and Fig. 25) , it here indicates a well-defined nontrivial bulk topology. Furthermore, in the k z = 0, π planes, the nested Berry phase γ 2 (k z ) is quantized (Fig. 12(i,k) and B 2), with the k z = 0 (k z = π) plane exhibiting a nontrivial (trivial) nested Berry phase:
The AXI with four valence bands is therefore also not a trivial, Wannierizable insulator. Like the AXI with three valence bands in A 2 a, it is instead a magnetic HOTI characterized by the cyclic pumping of a 2D fragile phase with trivialized Wilson loop winding. As we have shown that adding one or two bands to the valence manifold of an I-symmetric HOTI does not trivialize the nested Wannier flow, we can conclude that there is no linear combination of trivial bands that can be added to an I-symmetric AXI to localize its Wannier functions. Therefore, the I-symmetric AXI is a strong magnetic TI 38 .
Tight-Binding Model of a C2z × T -Symmetric Crystalline Axion Insulator
We next demonstrate that a related 3D AXI phase, invariant under the magnetic antiunitary crystal symmetry C 2z × T , i.e. the combination of a twofold rotation about the z-axis (C 2z ) and T , is also equivalent to the cyclic pumping of a 2D fragile phase. To construct a model of a 3D insulator in a C 2z × T -symmetric AXI phase, we begin by returning to the model of an I-and T -symmetric TI in Eq. (A2). Starting with the parameters in Eq. (A4), we tune:
In the limit of Eq. (A21), the bulk TI gap remains open ( Fig. 13(a) ), and the Wilson loops remain identical to those in Fig. 5(d-f) . In the limit of Eq. (A21), the bulk Hamiltonian H T I ( k) is now invariant under the action of:
in addition to I and T (Eq. (A3)). Eq. (A22) also implies M z = IC 2z symmetry, and therefore in the limit of Eq. (A21), H T I ( k) is characterized by 99,106,119 SG 10 P 2/m1 . As the k z = 0, π planes are now invariant under M z , these two planes can additionally be characterized (if topologically nontrivial) as 2D topological crystalline insulators (TCIs) 10, 11, 123 , with the k z = 0 (k z = π) planes exhibiting mirror Chern numbers C Mz = 1 (C Mz = 0). We next introduce the T -symmetric, I-and M z -breaking term: 
which, when v x/y,Mz = 0, is only invariant under lattice translation, T , and C 2z , such that it is characterized by 99,106,119 SG 3 P 21 . In Fig. 13(b) we plot the bulk bands of Eq. (A24) using the parameters in Eqs. (A4) and (A21), as well as:
As we have not closed a bulk gap from the previous I-symmetric TI phase, and have preserved T -symmetry, this system is still a 3D TI, though one whose topology is no longer indicated by I symmetry [4] [5] [6] . To confirm the topology of H 2 ( k), we plot in Fig. 13(c-e ) the x-directed Wilson loops. They exhibit the same winding and connectivities as those of the I-symmetric TI in Fig. 5(d-f) ; they also exhibit a Wilson particle-hole symmetry, which is here enforced by C 2z × T (B 4), rather than by the previous I symmetry (B 2) of Eq. (A2).
To induce a transition from the I-broken TI in Eq. (A24) to a C 2z × T -symmetric AXI, we introduce the term:
to realize the Hamiltonian:
where H 2 ( k) is the previous Hamiltonian for a C 2z -symmetic 3D TI (Eq. (A24)), and where we realize the crystalline AXI phase by using the parameters:m
in addition to the previous parameters in Eqs. (A4), (A21), and (A25). As we have broken C 2z and T symmetry while preserving their product C 2z × T , H C2T ( k) describes a crystalline AXI in the type-III magnetic SG P 2 (number 3.3 in the BNS setting 106, 121 ). In Fig. 14(a-h) , we show the bulk bands, x-directed slab bands, z-directed slab bands, (001)-surface states, zdirected rod bands, and x-directed Wilson loops of H C2T ( k) using the parameters in Eq. (A28). The bulk bands are now generically singly degenerate, and the gap at half-filling is preserved under the introduction V C2T ( k) with the parameters in Eq. (A28) (Fig. 14(a) ). The x-directed slab bands are fully gapped (Fig. 14(b) ). We have also verified that y-directed slabs of H C2T ( k) are also fully gapped. Unlike in A 2, the z-directed slab bands are not gapped (Fig. 14(c) ). Instead, the (001) and (001) surfaces exhibit twofold linear degneracies at generic z-surface crystal momenta (Fig. 14(c,d) ). These degeneracies are inherited from the parent TI phase (Eq. (A24)). However, they are now allowed to move off the TRIM point, and are protected by the magnetic antiunitary crystal symmetry 10, 13, 14, 18, 79 C 2z × T . In this sense, H C2T ( k) is not just an AXI, but is also the simplest example of a "rotation anomaly" TCI 13, 14, 18, 21, 22 . Though a z-terminated geometry of H C2T ( k) thus exhibits gapless surfaces, a z-directed rod, which is infinite in only the z direction, will be gapped. We therefore plot in Fig. 14(e) the bands of a z-directed rod of H C2T ( k). We observe that, like the I-symmetric AXI in Fig. 6(c) , the rod bands of H C2T ( k) exhibit two 1D chiral modes propagating in the z direction, with oppositely chiral modes localized on opposing hinges (Fig. 15) . This confirms that rotation-anomaly TCIs exhibit not just gapless surfaces, but also gapless hinges along rods cleaved parallel to their rotation axes 14, 18, 21, 22 . It is again crucial to note that there is no symmetry or topology requirement for the corner modes of the k z = 0 plane (Fig. 15) to appear as midgap states 22, 83 . Without closing a bulk or edge gap, the modes at k z = 0 in Fig. 14(c) can float into the valence or conduction manifold (indeed, they are already nearly absorbed into the valence manifold) . However, because the corner modes lie at the spectral center (i.e., there are exactly N/2 − 1 states above and below them in energy), then floating them into the valence or conduction manifold will result in a state imbalance above and below the bulk gap. This process is depicted for the I-symmetric case in Fig. 7(b,c) ; the state counting is identical for the C 2z × T -symmetric case. As discussed in detail in A 2, the presence of this state imbalance is indicated in a two-band model by the winding Wilson loop in Fig. 14(f) , and in a many-band model by det(W 2 ) = −1, i.e., that the nested Berry phase γ 2 (Eq. (A1)) is nontrivial (A 3 a, A 3 b, and Refs. 83, [87] [88] [89] [90] [91] .
The x-directed Wilson loop of H C2T ( k) displays the same winding as that of the 3D TI in Fig. 5(d-f) : it winds at k z = 0, is gapped and trivial at generic values of k z , and is gapless and trivial at k z = π (Fig. 14(f,g,h) , respectively). However, at k z = 0, π, the gapless points in the Wilson loop have become unpinned from k y = 0, π; these crossings are instead protected by C 2z × T symmetry and the presence of only two bands in the Wilson projector 42,43,83-91 . As we will see in A 3 a and A 3 b, the introduction of trivial bands to the Wilson projector can lift these Wilson degeneracies 42, 43, [83] [84] [85] [86] [87] [88] [89] [90] [91] . We have also verified that the y-directed Wilson loop exhibits the same behavior. Crucially, the z-directed Wilson loop also winds, but in a more subtle manner. As shown in detail in B 3, C 2z × T symmetry protects twofold Wilson degeneracies at generic momenta (k x , k y ). Specifically, C 2z × T acts as an antiunitary symmetry that preserves k x,y and squares to +1. Both 2D Wilson (B 3) and energy Hamiltonians 10,13,14,18,79 with this symmetry can feature robust topological twofold linear degeneracies at generic values of k x,y . As the z-directed Wilson loop of a 3D TI with band inversion at Γ (Fig. 5(a) ) features four twofold linear crossings (two at Wilson energy θ 1 (k x , k y ) = 0 at k x = 0, π, k y = π, one at θ 1 (k x , k y ) = 0 at k x = π, k y = 0, and one at θ 1 (k x , k y ) = π at k x = 0, k y = 0), and because we have only weakly broken T symmetry with the parameters in Eq. (A28), then the z-directed Wilson loop of H C2T ( k) should still exhibit four Wilson degeneracies, but with no restrictions on their crystal momenta and Wilson energies. In Fig. 16 , we plot the k y -indexed, z-directed Wilson loops featuring each of these four degeneracies, and label them with blue circles. Because C 2z × T symmetry is a symmetry of the (100)-surface wallpaper group 17, 102 , the Wilson loop winding in Fig. 16 is strong, and not fragile. We will see in A 3 a and A 3 b the that the winding of the z-directed Wilson loop is indeed preserved under the addition of trivial bands to the Wilson projector.
We also confirm that opposing gapped surfaces of the C 2z × T -symmetric AXI described Eq. (A27) also exhibit the same, anomalously quantized half-integer Hall conductivity σ H = e 2 /(2h) (when measuring with respect to the positive x and y directions for all in-plane surfaces; the z-normal surfaces are gapless ( Fig. 14(c,d)) ) 9, 14, 17, 18, 21, 22, 37, 63, 64 . In Fig. 17 , we plot the y-directed Wilson bands taken over all of the bands below the gap in the x-directed slab shown in Fig. 14(b) . The slab Wilson loop in Fig. 17 exhibits an overall C slab = +1 winding, confirming that when a C 2z × T -symmetric AXI is cleaved into a slab geometry along an axis normal to the z-axis (i.e. the x-or y-axis), it is topologically equivalent to a C = ±1 Chern insulator 14, 18, 21, 22 , i.e., an isolated quasi-2D insulator with an integer Hall conductivity. 
where we index the two additional Kramers pairs of orbitals as 3 and 4 to distinguish them from the spin-split pairs of s and p orbitals already present at the 1a position of H C2T ( k) (Eq. (A27)), and where σ denotes the spin degree of freedom. Because magnetic SG P 2 has no unitary crystal symmetries, aside from lattice translations, then there are no symmetry eigenvalues with which to label bands, and all of the splitting of Wilson loops directed in the xy-plane can be attributed to the Berry phases of the new, trivial bands [38] [39] [40] [41] [42] [43] 85, 103, 104 . As previously detailed in A 2 a, we choose to place Kramers pairs 3 and 4 at the general position so that the Wilson spectrum taken over all of the bands from these orbitals is gapped when they are uncoupled to other orbitals. Summarizing the discussion in A 2 a, this is because when the Wilson loop is taken over all of the bands in the Hilbert space (here, the decoupled subspace of orbitals 3 and 4), it decomposes into flat Wilson bands at the positions of the atoms.
To split Kramers pairs 3 and 4, we introduce the simple coupling between the two new orbitals within the same unit cell i:Ṽ 
where 1 σ denotes the 2 × 2 identity in the spin subspace, and where the 4 × 4 matrix is indexed by (c s c p c 3 c 4 ) where c s,p denote the original pairs of s and p orbitals in H 2 ( k) (Eq. (A24)), respectively. We then introduce simple ferromagnetic splitting for the orbitals at the general position:
where H C2T ( k) is the previous 4 × 4 Hamiltonian of a C 2z × T -symmetric AXI with two occupied bands (Eq. (A27)). Eq. (A32) remains invariant under C 2z × T symmetry, which now takes the form: 
We then form a coupled Hamiltonian by addingṼ C to Eq. (A32): which we confirm is also invariant under C 2z × T symmetry in the expanded 8 × 8 basis (Eq. (A33)). In Fig. 19 , we plot the bulk bands (a), x-directed Wilson loops (b-g) using two choices of Wilson projectors, and the y-directed nested Wilson loops (h-k) (Fig. 4) of Eq. (A36) using the parameters in Eqs. (A4), (A21), (A25), (A28), and (A34), as well as:Ṽ
in Eq. (A35). In the band structure ofH C ( k) (Fig. 19(a) ), the original two fragile valence bands of Eq. (A27) remain separated from the new bands by a gap below E = 0, allowing us to define two Wilson projectors: a projector P 3 onto the three valence bands closest to E = 0, and a projector P 2 onto the original fragile valence bands. As shown in Ref. 43 , as long as P 2 is well defined, the Wilson loop of the fragile bands will still wind. We confirm this in Fig. 19(bd) , in which we observe the x-directed Wilson loop of the bands in P 2 to exhibit the same winding as the fragile bands of the original four-band C 2z × T -symmetric AXI model ( Fig. 14(d-f) ); we also confirm that the y-directed Wilson loop of the P 2 bands also winds. However, when we calculate the x-directed (and y-directed) Wilson loop of the P 3 bands in Fig. 19(a) (Fig. 19(e-g) ), the Wilson loop winding disappears. We are therefore able to calculate a y-directed nested Wilson loop of the gapped x-directed Wilson bands. Taking the split Wilson spectrum in Fig. 19(e-g) , we define projectorsP in,out onto groupings of Wilson bands related by Wilson particle-hole symmetry, which we use to calculate the y-directed nested Wilson loop W 2 (k z ) (Fig. 4 and B 1 ). As Fig. 19(a) ; the higher two bands in energy are the fragile valence bands of HC2T ( k) (Eq. (A27)), and the third band comes from an atomic orbital at the general position (Eq. (A34)). As shown previously in Fig. 16 , this Wilson loop also winds, but across the entire 2D BZ. We highlight with blue circles the six Wilson band degeneracies that comprise this winding; four are inherited from the previous z-directed Wilson loop in Fig. 16 , and two additional ones originate from the intersection of the previous Wilson bands with the Wilson band of the new band in the Wilson projector ( Fig. 19(a) ). As the Wilson crossings at generic crystal momenta and energies are protected by C2z × T , without a restriction on the number of bands in the Wilson projector (Refs. 42 and 43 and in B 3), they persist under the addition of trivial bands to the Wilson projector. The z-directed Wilson loop winding is therefore strong, and not fragile.
C 2z ×T acts on the Wilson loop as an antiunitary particle-hole symmetry 42, 43, 85, 87 that takes θ 1 (k y , k z ) to −θ(k y , −k z ), then, as shown in Refs. 29 and 87 and in B 4, C 2z × T remains a symmetry of W 2 (k z ) under this choice of nested Wilson projectors. In Fig. 19(h,i) (Fig. 19(j,k) ), we plot the nested Wilson eigenvalues θ 2 (k z ) and det(W 2 (k z )) for the inner (outer) Wilson band(s) in Fig. 19(e-g) , respectively. Both exhibit spectral flow, with the inner (outer) Wilson band(s) exhibiting C γ2 = −1 (C γ2 = +1) winding. Because the inner and outer Wilson bands exhibit opposite odd-integer Wilson Chern numbers C γ2 , then, as C γ2 mod 2 is robust to Wilson gap closures in the presence of bulk C 2z × T symmetry (B 4 and Fig. 27) , it here indicates a well-defined nontrivial bulk topology. Furthermore, in the k z = 0, π planes, which are left invariant under the action of C 2z × T , the nested Berry phase γ 2 (k z ) is quantized ( Fig. 19(i,k) and B 4), with the k z = 0 (k z = π) plane exhibiting a nontrivial (trivial) nested Berry phase:
We also note that unlike the previous I-symmetric AXI in A 2 a, the C 2z × T -symmetric AXI still exhibits strong, z-directed Wilson loop winding. Previously, we demonstrated in Fig. 16 that for the two valence bands of H C2T ( k) (Eq. (A27)), the z-directed Wilson loop exhibits four crossings across the k x,y -plane, which are protected by C 2z × T symmetry (B 3). Under the addition of one trivial band to the Wilson projector ( Fig. 19(a) ), two additional crossings are added to the z-directed Wilson loop, and the original four crossings from Fig. 16 become slightly shifted in Wilson energy and crystal momenta. We label these six Wilson crossings in Fig. 20 with blue circles.
Because the C 2z × T -symmetric AXI exhibits strong (z-directed) Wilson loop winding and surface states protected by its (100)-surface wallpaper group 10,13,14,17,18,102 ( Fig. 14(c,d) ), it may be considered a first-order, non-symmetryindicated, magnetic TCI, rather than a second-order magnetic TI 21, 22 . However, like the previous I-symmetric AXI in A 2 a, it is also equivalent to the cyclic pumping of a 2D fragile topological phase.
b. Coupling Two Additional Bands to a C2z × T -Symmetric AXI
We next demonstrate that the addition of two bands to the Wilson projector also removes the Wilson loop winding directed along an axis perpendicular to the z-axis of a C 2z × T -symmetric AXI, and also reveals that this AXI can be characterized by a cyclic pump of nested Berry phase. As the magnetic SG 99,106,121 of H C2T ( k) (Eq. (A27)), P 2 , has no unitary crystal symmetries (aside from lattice translation), all bands carry the same symmetry labels, and there are no eigenvalue restrictions on which trivial bands can trivialize the fragile Wilson loop winding 33, [38] [39] [40] [41] [42] [43] 59, 67, 85, 103, 104 . We can therefore simply use all of the previous models and parameters from A 3 a, and just choose Wilson projectors onto more bands. We again begin with the uncoupled, eight-band HamiltonianH U ( k) (Eq. (A32)). In Fig. 21 , we plot the bulk (a) and x-directed Wilson (b-d) bands ofH U ( k) using the same parameters as previously used in Fig. 18 , but instead here choose the Wilson projector P 4 to include all four bands below E = 0. These four bands are composed of the original two fragile valence bands of H C2T ( k) (Eq. (A27)) as well as two bands from atomic orbitals at the general position (Eq. (A34)). In the uncoupled limit of Eq. (A32), the Wilson loop just decomposes into the Wilson spectra of the original valence bands of H C2T ( k) (Fig. 14(d-f) ) and two additional flat Wilson bands superposed at a particle-hole-symmetric pair of Wilson energies.
We next, as in A 3 a, again couple the bands far below E = 0 to the fragile bands above them in energy. In Fig. 22 , we plot the bulk bands (a), x-directed Wilson loops (b-d) using the Wilson projector over all four bands below E = 0 in (a), and the y-directed nested Wilson loops (e-h) (Fig. 4) of Eq. (A36) using the same parameters used in Fig. 19 . The bulk band structure (Fig. 22(a) ) is thus identical to the previous band structure in Fig. 19(a) . Here, however, we are choosing a Wilson projector onto all four of the bands below E = 0, which include the the original two fragile Fig. 22(a) ; the higher two bands in energy are the fragile valence bands of HC2T ( k) (Eq. (A27)), and the lower two bands come from atomic orbitals at the general position (Eq. (A34)). As shown previously in Fig. 16 , this Wilson loop also winds, but across the entire 2D BZ. We highlight with blue circles the eight Wilson band degeneracies that comprise this winding; four are inherited from the previous z-directed Wilson loop in Fig. 16 , and four additional ones originate from the intersection of the previous Wilson bands with the Wilson bands of the new bands in the Wilson projector ( Fig. 22(a) valence bands of Eq. (A27), as well as two bands from atomic orbitals at the general position. As in Fig. 19 , the projector P 2 onto the original fragile valence bands of H C2T ( k) is still well-defined, and thus, the x-directed Wilson loop of the P 2 bands still winds 43 , and remains unchanged from Fig. 19(b-d) . However, the x-directed (and y-directed) Wilson loop over the four P 4 bands in Fig. 22(a) (Fig. 22(b-d) ), no longer winds, as previously occurred in A 3 a with three bands in the Wilson projector.
We are therefore able to again calculate the nested Wilson loop of the gapped, x-directed Wilson bands. Taking the split Wilson spectrum in Fig. 22(b-d) , we again define projectorsP in,out onto groupings of Wilson bands related by Wilson particle-hole symmetry 87, 122 , which we use to calculate the y-directed nested Wilson loop W 2 (k z ) (Fig. 4  and B 1 ). In Fig. 22 (e,f) ( Fig. 22(g,h) ), we plot the nested Wilson eigenvalues θ 2 (k z ) and det(W 2 (k z )) for the inner (outer) Wilson bands in Fig. 22(b-d) , respectively. Both exhibit spectral flow, with the inner (outer) Wilson bands exhibiting C γ2 = +1 (C γ2 = −1) winding. Because the inner and outer Wilson bands exhibit opposite odd-integer Wilson Chern numbers C γ2 , then, as C γ2 mod 2 is robust to Wilson gap closures in the presence of bulk C 2z × T symmetry (B 4 and Fig. 27 ), it here indicates a well-defined nontrivial bulk topology. Furthermore, in the k z = 0, π planes, the nested Berry phase γ 2 (k z ) is quantized ( Fig. 22(f,h) and B 4), with the k z = 0 (k z = π) plane exhibiting a nontrivial (trivial) nested Berry phase:
Thus, a C 2z × T -symmetric AXI with four or more occupied bands is not Wannierizable, and is instead equivalent to the cyclic z-directed pumping of nested Berry phase.
Finally, as noted previously in A 3 a, the C 2z ×T -symmetric AXI still exhibits strong, z-directed Wilson loop winding. Previously, we demonstrated in Fig. 16 that for the two occupied bands of H C2T ( k) (Eq. (A27)), the z-directed Wilson loop exhibits four crossings across the k x,y -plane, which are protected by C 2z × T symmetry (B 3). Under the addition of two trivial bands to the Wilson projector ( Fig. 22(a) ), four additional crossings are added to the z-directed Wilson loop, and the original four crossings from Fig. 16 become slightly shifted in Wilson energy and crystal momenta. We label these eight Wilson crossings in Fig. 23 with blue circles. This further reinforces that the C 2z × T -symmetric AXI, with any number of occupied bands, can either be described as a first-order, non-symmetry-indicated, magnetic TCI, or as a magnetic HOTI equivalent to the cyclic pumping of a 2D fragile topological phase.
Here, we define the discretized Wilson loop and nested Wilson loop. For notational simplicity, we assume that the (nested) Wilson loop is calculated in a 3D crystal with mutually orthogonal crystal axes, i.e. a primitive orthorhombic, tetragonal, or cubic crystal. The Hamiltonian of this crystal H(k x , k y , k z ) characterizes a set of energy bands; here we focus on a grouping of energy bands that is separated from the other bands by a gap at all crystal momenta. We can then calculate the x-directed Wilson loop as it is defined in Refs. 16, 17, and 59:
where
is the projector onto the occupied states (here the separated grouping of energy bands):
and where in the last line of Eq. (B1), we have defined the ordered product of projectors,
Crucially, the discretized loop defined by the product of projectors in Eq. (B1) is closed by a sewing matrix:
that enforces the gauge and basepoint (k x0 ) invariance of the eigenvalues of Eq. (B1) 16, 17, 59 . Specifically, Eq. (B4) closes the Wilson loop with the overlap between states at the basepoint and states at the basepoint plus a reciprocal lattice vector; this allows Eq. (B1) to be independent of the choice of basepoint or BZ, even if |u n (k x , k ⊥ ) is not 2π-periodic. If the eigenstates of H(k x , k y , k z ) are chosen to be mutually orthogonal, then V (2πx) simplifies into a diagonal matrix of phases 17 ; however, whenever there is a band degeneracy at a point k within the bands in the Wilson projector P (k) (Eq. (B2)), some numerical diagonalization algorithms will not automatically generate an orthonormal basis of eigenstates at that point, resulting in the appearance of off-diagonal elements in V (2πx). The eigenvalues of W 1(kx0,k ⊥ ) are gauge-independent 16, 17, 58, 59 and take the form of phases exp(iθ 1 (k y , k z )). We can thus define a Hermitian "Wilson Hamiltonian,"
where in the equivalence, we define the less formal expressions for the x-directed Wilson Hamiltonian and loop with suppressed band indices used throughout this work. The eigenvalues of H W 1(k x0 ) (k y , k z ) take the form of real angles θ 1 (k y , k z ) and form smooth and continuous "Wilson bands" 16, 17, 59 . We refer to the values of θ 1 (k y , k z ) as "Wilson energies."
It was recently discovered that a nested Wilson loop can be performed on a set of Wilson bands that is isolated in Wilson energy from all other Wilson bands 19, 20 . To calculate the y-directed nested Wilson loop (Fig. 4) , we perform the same steps employed in Eqs. (B1) to (B5), only this time projecting onto the eigenstates |ũ n (k x0 , k y , k z ) of H W 1(k x0 ) (k y , k z ). From a numerical perspective, it is crucial that the Wilson eigenstates |ũ n (k x0 , k y , k z ) are expressed in terms of the eigenstates |u n (k x , k y , k z ) of the original Hamiltonian H(k x , k y , k z ), as opposed to being numerically regenerated using only H W 1(k x0 ) (k y , k z ), so that information regarding the positions of the atoms in the unit cell is not lost. Specifically, to use |ũ n (k x0 , k y , k z ) to calculate a y-directed nested Wilson loop, one state |ũ n (k x0 , k y0 , k z ) along the k y direction must contain the contribution to the (nested) Berry phase acquired from the relative y-axis coordinates of the atoms in the unit cell. A rote numerical diagonalization of Eq. (B5) does not automatically correctly assign these phases; they must be numerically re-embedded. We implement this in PythTB by forming a diagonal embedding matrix of phases exp(iπu iy ) where u iy is the y coordinate of the i th atomic orbital, and then right-multiply it with |ũ n (k x0 , k y0 , k z ) . We define the y-directed nested Wilson loop:
where tildes indicate quantities obtained from the Wilson Hamiltonian (Eq. (B5)),P (k) is the projector onto the occupied Wilson states (here the separated grouping of Wilson bands):
and where in the last line of Eq. (B6), we have defined the ordered product of Wilson projectors,
The discretized nested loop in Eq. (B6) is also closed by a sewing matrix:
that enforces the basepoint (k y0 ) independence of Eq. (B6) 19, 20 in the same manner that Eq. (B4) does for Eq. (B1). The eigenvalues of W 2(kx0,ky0,kz) are gauge-independent 19, 20 and take the form of phases exp(iθ 2 (k z )). We can thus define a Hermitian "nested Wilson Hamiltonian,"
where in the equivalence, we define the less formal expressions for the y-directed nested Wilson Hamiltonian and loop with suppressed Wilson band indices used throughout this work. The eigenvalues of H W 2(k x0 ,k y0 ) (k z ) take the form of real angles θ 2 (k z ) and form smooth and continuous "nested Wilson bands" 20, 21 . We refer to the values of θ 2 (k z ) as "nested Wilson energies."
The Action of I Symmetry on the Nested Wilson Loop
In this section, we derive the action of inversion symmetry (I) on the nested Wilson loop W 2 (k z ) as defined in B 1. Specifically, we show that I acts to make the nested Wilson spectrum particle-hole symmetric in 3D, and to quantize the nested Berry phase in 2D. We then show that this particle-hole symmetry preserves the robustness of odd winding in the nested Wilson loop C γ2 , and thus indicates a phase with Z 2 -nontrivial magnetoelectric polarizability 6, 9, 37, 63, [70] [71] [72] θ = π. We begin by reproducing the result derived in Ref. 59 (and reproduced in Ref. 17) that I acts on H W1 (k y , k z ) as a unitary particle-hole symmetryχ that flips the signs of k y and k z : and thus that the nested Berry phase γ 2 (k z ) (Eq. (A1)) is also Z 2 quantized:
I symmetry also plays another, more subtle, role in enforcing topological winding in W 2 (k z ). In the case of Eq. (B21) where γ 2 (0) = γ 2 (π), W 2 (k z ) is implied to wind an odd number of times. In order to relate this winding to stable bulk topology, it must persist for all choices of parameters that do not close an energy gap. However, Wilson bands are free to invert even if energy bands remain uninverted 43, 53, 58 . When bands within differentχ-symmetric groupings of Wilson bands touch, Wilson-band Chern number C γ2 can be passed between the groups of Wilson bands ( Fig. 24(a) ). Absentχ (and thus bulk I) symmetry, these crossings can occur individually at any crystal momentum or Wilson energy, and thus the winding of W 2 (k z ) can be removed without a bulk gap closure (Fig. 24) . Therefore, while it can appear that an I-broken AXI is not Wannierizable if it exhibits C γ2 = 0, there is no obstruction to closing a Wilson gap and removing the winding of W 2 (k z ). This is in agreement with the recognition that, as θ transforms as the inner product of a vector and an axial vector 6,9,37,63,68-71 , i.e. E · B, then it is only quantized in the presence of bulk roto-inversion (C ni × I, where C ni is an n-fold rotation about the i-axis) or roto-time-reversal (C ni × T ) symmetries. Here, relaxing I allows θ to wind from the topological value (θ = π) to the trivial value (θ = 0) without closing an energy gap. Physically, this can be understood by drawing a connection between the Wilson and surface spectra 58 . In a finite-sized AXI, surface band inversions are permitted that flip the (half-integer) surface Chern number of a particular facet (Fig. 8) ; in an infinite AXI crystal, these band inversions only appear as gap closures in the Wilson spectrum. It has been established in previous works that if I-symmetry is relaxed in a finite-sized (magnetic) HOTI, then a series of surface-only band inversions (Fig. 24(b) ) can be performed to remove all of the chiral hinge states and trivialize the bulk 21, 34, 62 . We thus conclude that this process is also reflected in the bulk Wilson spectrum of an I-broken AXI.
Conversely, whenχ is a symmetry of W 1 (k y , k z ), then we can show that odd values of C γ2 cannot be changed to even values without closing a bulk energy gap. In aχ-symmetric Wilson spectrum, a Wilson band inversion at θ 1 (k y , k z ) (Fig. 26 ), but groupings with alternating odd values of C γ2 will still exhibit odd values C γ2 ± 2 (Fig. 25) . Therefore, we conclude that C γ2 within aχ-symmetric grouping of Wilson bands is only a well-defined bulk topological invariant taken modulo 2, and becomes ill-defined when I symmetry is relaxed. As we have numerically confirmed in Figs. 10(h-k) and Fig. 12 (h-k) that C γ2 = ±1 characterizes an I-symmetric AXI with θ = π, then we conclude that, in the presence of bulk I symmetry, the Z 2 -valued magnetoelectric polarizability 6,9,37,63,68-71 is given by:
θ can therefore only be changed while keeping I symmetry through an energy band inversion that changes γ 2 (k z ) at k z = 0, π, and thus changes whether an odd or even number of BZ planes indexed by k z = 0, π are equivalent to 2D insulators with anomalous corner charges (Fig. 7) . In this section, we derive the action of C 2z × T symmetry on the z-directed Wilson loop W 1 (k x , k y ) as defined in B 1. Specifically, we show that at each perpendicular crystal momenta:
C 2z × T acts an antiunitary time-reversal symmetryΘ that preserves the sign of k ⊥ . We show that this can preserve twofold-degenerate crossings at any point in k ⊥ and Wilson energy θ 1 (k ⊥ ), which correspond to twofold-degenerate linear degeneracies in the z-surface spectrum 10,13,14,18,79 . We derive this result by determining the action of C 2z × T on Eq. (B1). As (C 2z × T ) 2 = +1 whether H(k x , k y , k z ) characterizes spinful or spinless electrons, it acts on P (k) Eq. (B2) as:
Therefore, for the z-directed Wilson loop:
in which we have used that C 2z × T transforms Eq. (B4):
where K is complex conjugation. Eq. (B25) implies that the Wilson Hamiltonian is invariant under an antiunitary time-reversal symmetry, which we denote asΘ, that preserves the signs of k x and k y :
implying that H W1 (k x , k y ) is real. For every Wilson eigenstate |ũ n (k x , k y , k z0 ) with eigenvalue θ 1 (k x , k y ), there is therefore an eigenstateΘ|ũ n (k x , k y , k z0 ) (possibly the same state) with the same eigenvalue θ 1 (k x , k y ). As shown in Refs. 10, 13, 14, 18, and 79, any real 2D Hamiltonian, Wilson or energy, can host topological twofold linear degeneracies at generic crystal momenta, and thus bulk C 2z × T protects robust twofold degeneracies in the z-directed Wilson loop at generic Wilson energies and crystal momenta. In this section, we derive the action of C 2z × T symmetry on the y-directed nested Wilson loop W 2 (k z ) as defined in B 1. Specifically, we show that C 2z × T acts to make the nested Wilson spectrum particle-hole symmetric in 3D (but with different crystal momenta flipped than previously in B 2), and to quantize the nested Berry phase in 2D. We then show that this particle-hole symmetry preserves the robustness of odd winding in the nested Wilson loop C γ2 , and thus indicates a phase with Z 2 -nontrivial magnetoelectric polarizability 6,9,37,63,70-72 θ = π. We begin by reproducing the result derived in Refs. 43, 86 , and 87 that C 2z × T acts on H W1 (k y , k z ) as an antiunitary particle-hole symmetryΞ that flips the sign of k z while preserving the sign of k y .
For the x-directed Wilson loop, C 2z × T does not change the direction of the product of projectors in Eq. (B2), as previously occurred for I in B 2, and so the action of C 2z × T on W 1 (k y , k z ) follows simply from Eqs. (B2), (B4), and (B24):
(C 2z × T )W 1(kx0,ky,kz) (C 2z × T )
= W * 1(kx0,ky,−kz) .
The Wilson Hamiltonian is therefore invariant under an antiunitary particle-hole symmetry, which we denote asΞ, that flips the sign of k z while leaving k y invariant:
implying that for every Wilson eigenstate |ũ n (k x0 , k y , k z ) with eigenvalue θ 1 (k y , k z ), there is another eigenstatẽ Ξ|ũ n (k x0 , k y , k z ) with eigenvalue −θ 1 (k y , k z ). We can therefore representΞ as:
whereÕ is a k-independent orthogonal transformation that rotates the Wilson band index n. We restrict that O be orthogonal, and not simply unitary, as previously occurred in Eq. (B14), asΞ is antiunitary andΞ 2 = +1. We can now determine the action ofΞ (and thus C 2z × T ) on the nested Wilson loop. As previously in B 2, in order forΞ to be a symmetry of the nestesd Wilson loop, we must restrict ourselves to nested Wilson projectorsP (k) onto particle-hole conjugate pairs of Wilson bands 29, 87 , such that: 
The nested Wilson Hamiltonian is therefore invariant under an antiunitary particle-hole symmetry, which we denote asΞ, that flips the sign of k z :Ξ
implying that for every nested Wilson eigenstate |ũ n (k x0 , k y0 , k z ) with eigenvalue θ 2 (k z ), there is another eigenstatẽ Ξ|ũ n (k x0 , k y0 , k z ) with eigenvalue −θ 2 (k z ). Furthermore, taking the determinant of both sides of Eq. (B32), we determine that:
which, along with Eq. (A1), implies that at k z = 0, π, det(W 2 (k z )) is Z 2 quantized: det(W 2 (0)) = ±1, det(W 2 (0)) = ±1,
and thus that the nested Berry phase γ 2 (k z ) (Eq. (A1)) is also Z 2 quantized:
This quantization of γ 2 in C 2z × T -invariant planes (k z = 0, π) was previously explained in Ref. 87 using homotopy, and in Ref. 29 (for I × T , which for spinless electrons is equivalent to C 2z × T in 2D 43, 87, 102, 108 ) using the codimension arguments in Refs. 79 and 124 applied to the Altland-Zirnbauer classification 125, 126 . It was also related (again specifically for spinless I × T ) to the second Stiefel-Whitney invariant w 2 in Refs. 80 and 83.
As with I in B 2, C 2z × T symmetry here also plays another, more subtle, role in enforcing topological winding in W 2 (k z ). In the case of Eq. (B36) where γ 2 (0) = γ 2 (π), W 2 (k z ) is implied to wind an odd number of times. In order to relate this winding to stable bulk topology, it must persist for all choices of parameters that do not close a bulk energy gap. However, Wilson bands are free to invert even if energy bands remain uninverted 43, 53, 58 . When bands within differentΞ-symmetric groupings of Wilson bands touch, Wilson-band Chern number C γ2 can be passed between the groups of Wilson bands ( Fig. 24(a) ). AbsentΞ (and thus bulk C 2z × T ) symmetry, these crossings can occur individually at any crystal momentum or Wilson energy, and thus the winding of W 2 (k z ) can be removed without a bulk gap closure (Fig. 24) . Therefore, as occurred previously in B 2, while it can appear that a C 2z × T -broken AXI is not Wannierizable if it exhibits C γ2 = 0, there is no obstruction to closing a Wilson gap and removing the winding of W 2 (k z ). Conversely, whenΞ is a symmetry of W 1 (k y , k z ), then we can show that odd values of C γ2 cannot be changed to even values without closing an energy gap. In aΞ-symmetric Wilson spectrum, a Wilson band inversion at θ 1 (k y , k z ) must be accompanied by a second crossing at −θ 1 (k y , −k z ) (Eq. (B29)). As each crossing transfers a unit of Wilson Chern number betweenΞ-symmetric groupings of Wilson bands, then this process of simultaneously inverting Wilson bands atΞ-related Wilson energies and crystal momenta either completely preserves C γ2 within each grouping of Wilson bands, or changes it by ±2 (Fig. 27 and Fig. 28 ). Thus, without closing an energy gap,Ξ-symmetric groupings of Wilson bands with alternating even values of C γ2 can be converted to groupings with C γ2 = 0 (Fig. 28 ), but groupings with alternating odd values of C γ2 will still exhibit odd values C γ2 ± 2 (Fig. 27) . Therefore, we conclude that C γ2 within aΞ-symmetric grouping of Wilson bands is only a well-defined bulk topological invariant taken modulo 2, and becomes ill-defined when C 2z × T symmetry is relaxed. As we have numerically confirmed in Figs. 19(h-k) and Fig. 22 (e-h) that C γ2 = ±1 characterizes a C 2z × T -symmetric crystalline AXI with θ = π inherited from its parent C 2z -and T -symmetric TI phase (Eq. (A24)), then we conclude that, in the presence of bulk C 2z × T symmetry, the Z 2 -valued magnetoelectric polarizability 6,9,37,63,68-71 is given by:
θ can therefore only be changed while keeping C 2z × T symmetry through an energy band inversion that changes γ 2 (k z ) at k z = 0, π, and thus changes whether an odd or even number of BZ planes indexed by k z = 0, π are equivalent
